LETTER

SUPPLEMENTARY INFORMATION
https://doi.org/10.1038/s41586-018-0185-0

In the format provided by the authors and unedited.

https://doi.org/10.1038/s41586-018-0185-0

Printing ferromagnetic domains for untethered
fast-transforming soft materials
Yoonho Kim1,2,5, Hyunwoo Yuk1,5, Ruike Zhao1,5, Shawn A. Chester3 & Xuanhe Zhao1,4*
1

Soft Active Materials Laboratory, Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, MA, USA. 2Harvard-MIT Division of Health Sciences and Technology,
Massachusetts Institute of Technology, Cambridge, MA, USA. 3Department of Mechanical and Industrial Engineering, New Jersey Institute of Technology, Newark, NJ, USA. 4Department of Civil and
Environmental Engineering, Massachusetts Institute of Technology, Cambridge, MA, USA. 5These authors contributed equally: Yoonho Kim, Hyunwoo Yuk, Ruike Zhao. *e-mail: zhaox@mit.edu

N A T U R E | www.nature.com/nature

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

SUPPLEMENTARY INFORMATION
Printing ferromagnetic domains for untethered fast-transforming soft materials
Yoonho Kim1,2,5, Hyunwoo Yuk1,5, Ruike Zhao1,5, Shawn A. Chester3 & Xuanhe Zhao1,4*
1

Soft Active Materials Laboratory, Department of Mechanical Engineering, Massachusetts Institute
of Technology, Cambridge, MA, USA.
2

Harvard-MIT Division of Health Sciences and Technology, Massachusetts Institute of Technology,
Cambridge, MA, USA.
3

Department of Mechanical and Industrial Engineering, New Jersey Institute of Technology, Newark,
NJ, USA.
4

Department of Civil and Environmental Engineering, Massachusetts Institute of Technology,
Cambridge, MA, USA.
5

These authors contributed equally.

*e-mail: zhaox@mit.edu

WWW.NATURE.COM/NATURE | 1

I. Constitutive law for soft materials with ferromagnetic domains
To quantitatively predict the deformations of printed structures under applied magnetic
fields, we develop a constitutive law for soft materials with ferromagnetic domains composed of
a silicone elastomer matrix embedded with neodymium-iron-boron (NdFeB) microparticles.
Application of magnetic fields induces torques on the embedded ferromagnetic particles, which
create stresses that collectively lead to a macroscale material response, causing the whole
structure to transform into a configuration that minimizes the combined elastic and magnetic
potential energy of the system.
The pure elastic deformation of the soft material is taken to follow the generalized neoHookean model (see Extended Data Fig. 2c for validation). The elastic potential energy per unit
volume of the soft material in the reference (undeformed) configuration can be expressed as

W elastic =

µ −2/3
K
J I1 − 3 + (J − 1)2 ,
2
2

(

)

(S1)

Where µ and K are the material’s shear modulus and bulk modulus, respectively, and

(

)

I1 = tr FF T is the first invariant of the left Cauchy–Green tensor with F representing the

deformation gradient tensor. The quantity J, the volumetric Jacobian of the deformation, is
defined as J = det F . For an incompressible solid, the deformation satisfies J = 1 .
The magnetic moment density (or magnetization) at a certain point of the soft material in
the reference configuration is denoted as M. Correspondingly, the magnetization vector at the
same material point of the soft material, which can be compressible, in the current (deformed)
configuration is FM / J . The magnetic field applied in the space is denoted as B. Since the
permeability of silicone elastomer and NdFeB is close to the permeability of air, we assume that
the presence of soft materials with ferromagnetic domains does not substantially alter the applied
magnetic field and that the magnetic potential energy from higher order terms of B and M are
negligible. Based on these assumptions, the magnetic potential energy per unit volume of the soft
material in the current configuration can be calculated as − FM / J ⋅B . Correspondingly, the

(

)

magnetic potential energy per unit volume of the soft material in the reference configuration can
be calculated as
W magnetic = − J ⎡⎣( FM / J ) ⋅B ⎤⎦ = −FM ⋅B .

(S2)

Notably, Eq. S2 gives that pure rotation of a ferromagnetic domain in an applied magnetic field
can induce magnetic potential energy.
Combining Eqs. S1 and S2, the total potential energy per unit volume of the soft material
in the reference configuration is expressed as

W=

µ −2/3
K
J I1 − 3 + (J − 1)2 − FM ⋅B .
2
2

(

)

(S3)

WWW.NATURE.COM/NATURE | 2

Based on work-conjugation, the Cauchy stress tensor σ can be obtained from the following
relation

σ=

1 ∂W T
F .
J ∂F

(S4)

Substituting Eq. S3 into S4, the Cauchy stress tensor is calculated as

I ⎞
1
⎛
σ = µ J −5/3 ⎜ FF T − 1 I ⎟ + K ( J − 1)I − B ⊗ FM ,
3 ⎠
J
⎝

(S5)

where I denotes the identity tensor and the operator ⊗ denotes the dyadic product, which takes
two vectors to yield a second order tensor. Specifically, the elastic Cauchy stress term (the first
two terms of Eq. S5) can be expressed as

I ⎞
⎛
σ elastic = µ J −5/3 ⎜ FF T − 1 I ⎟ + K ( J − 1)I ,
3 ⎠
⎝

(S6)

and the magnetic Cauchy stress term (the third term of Eq. S5) can be expressed as

1
σ magnetic = − B ⊗ FM .
J

(S7)

It is worth noting that σ magnetic can be asymmetric to account for the torques induced by the
magnetic field applied on ferromagnetic domains. It is also worth noting that the magnetic
Cauchy stress reduces to σ magnetic = −B ⊗ FM for incompressible materials.

II. Finite-element model for soft materials with ferromagnetic domains
The constitutive law developed for soft materials with ferromagnetic domains has been
implemented as a user-defined element (UEL) subroutine in the commercial finite-element
software ABAQUS. In order to validate the finite-element model, we use the model to
numerically calculate the deformation of a beam uniformly magnetized along its axial direction
and subject to a uniform magnetic field. The applied magnetic field B is either parallel with (Fig.
S1a) or perpendicular to (Fig. S1b) the magnetization M of the beam. We compare the numerical
results with analytical solutions to validate the finite-element model.
1) B parallel with M
Consider a rectangular beam with edges aligned with 1, 2 and 3 directions (Fig. S1a). We
assume that both M and B are aligned with the 1 direction in the reference configuration. The
resultant homogeneous uniaxial loading is along the 1 direction, giving principal stretch λ1 . The
other two principal stretches, λ2 and λ3 , are along the 2 and 3 directions, respectively. The
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symmetry in the 2 and 3 directions gives λ2 = λ3 . Further assuming the material is incompressible
(i.e., J = λ1λ2 λ3 = 1 ), the deformation gradient tensor has the following form
⎡ λ
⎢ 1
⎡⎣F ⎤⎦ = ⎢
λ1−1/2
⎢
⎢
⎣

λ1−1/2

⎤
⎥
⎥.
⎥
⎥
⎦

(S8)

Under the assumption of incompressibility, the expression for the total potential energy per unit
volume of the soft material in the reference configuration, Eq. S3, becomes

W=

µ
( I − 3) − p(J − 1) − FM ⋅B ,
2 1

(S9)

where p is a Lagrange multiplier that reinforces the incompressibility condition. The physical
meaning of p is a hydrostatic pressure that can be determined by the boundary conditions.
Following Eq. S4, the Cauchy stress for the incompressible material can be expressed as

σ = µFFT − pI − B ⊗ FM .

(S10)

From Eq. S10, the Cauchy stress along three principle directions can be expressed as

σ 11 = µλ12 − p − λ1 MB ,

(S11a)

σ 22 = σ 33 = µλ1−1 − p .

(S11b)

The traction-free boundary condition gives σ 11 = σ 22 = σ 33 = 0 . Subtracting Eq. S11b from Eq.
S11a gives

( λ1 − λ1−2 ) = MB / µ .

(S12)

The stretch λ1 as a function of the dimensionless quantity MB / µ is plotted as a solid
line in Fig. S1a. When MB / µ = 0 , there is no magnetic interaction and thus no deformation in
the soft material. When M and B are in the same direction ( MB / µ > 0 ), the magnetic stress
induces a uniaxial elongation of the body ( λ1 > 1 ) along the direction of the applied field. When
M and B are in the opposite directions, the magnetic stress causes a uniaxial compression of the
body ( λ1 < 1 ) along the direction of the applied field.
In the finite-element model, we assume that the material is almost incompressible with
K ≫ µ . For comparison, results from the finite-element model for several values of MB / µ are
plotted as circles in Fig. S1a. The simulation results match consistently with the analytical
prediction given by Eq. S12, validating the finite-element model for soft materials with
ferromagnetic domains.
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2) B perpendicular to M
To further validate the finite-element model, we study another case with B applied
perpendicularly to M, which causes the bending of a beam with small deflection (Fig. S1b). An
incompressible solid beam with length L, width W, and height H has a uniform magnetization M
along its axial or length direction (the 1 direction). A uniform magnetic field B is applied along
the height direction of the beam (the 2 direction), perpendicular to M. One end of the beam is
clamped. The magnetic stress induces small deflection of the other end of the beam as the
embedded magnetic dipoles attempt to align themselves with the applied magnetic field.
Considering small deformation, the only non-zero term of the magnetic Cauchy stress in the
magnetic
= − MB from Eq. S7.
incompressible body is calculated as σ 21
The magnetic-field-induced torque dτ for a small volume dV of the beam is calculated
through dτ = MBdV ≡ MBWHdx , with dx being a small length along the axial direction (Fig.
S1b). Therefore, the magnetic-field-induced torque at position x on the beam can be calculated as

τ (x) = MBWH (L − x) .

(S13)

This torque distribution along the beam is equivalent to the torque distribution generated by a
point force Q applied at the free end of the beam along the direction of applied magnetic field.
The magnitude of the equivalent point force Q can be calculated as
Q ≡ dτ / dx =MBWH .

(S14)

The bending stiffness of the beam can be calculated as

( )

K b = 3EI / L3 ≡ 3µWH 3 / 4L3 ,

(S15)

where I is the area moment of inertia, defined as I = WH 3 / 12 , and E is the Young modulus with
the relation E = 3µ for incompressible materials. Then the deflection at the free end of the beam,
or the maximal deflection of the beam δ max , under the point load Q can be calculated through

δ max = Q / K b in a dimensionless form as
δ max 4 MBL2
=
.
L
3µ H 2

(S16)

For small deflections (e.g., δ max / L < 10% ), Eq. S16 gives a linear relation between the
dimensionless quantities MB / µ and δ max / L . Assuming L / H = 10 , Eq. S16 is plotted as a
black solid line in Fig. S1b. For comparison, the deflections of the beam for a number of
prescribed values of MB / µ have been calculated with the finite-element model using an almost
incompressible materials (i.e., K ≫ µ ) and plotted as red squares in Fig. S1b. The analytical and
finite-element results show good agreement, validating the finite-element model for soft
materials with ferromagnetic domains.
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Figure S1 | Validation of the finite-element model based on the constitutive law for soft
materials with ferromagnetic domains. a, Comparison of the simulation results from finiteelement model (red circles) and theoretical prediction (black solid line) of magnetic-stressinduced stretch λ1 as a function of the dimensionless quantity MB / µ , when the magnetic field
B is applied in parallel with the magnetization M possessed by the incompressible neo-Hookean
solid with the shear modulus µ . b, Comparison of the simulation results from finite-element
model (red squares) and theoretical prediction (black solid line) of the deflection at the free end
of a slender beam with magnetization M along its axial direction, when the magnetic field B is
applied along the height direction of the beam (perpendicularly to M).

III. Scaling analysis of magnetic actuation of beam structures
To quantitatively understand the effects of physical parameters on the magnetic actuation
of printed beam samples, we further analyze the bending of the beam illustrated in Fig. S1b.
Assuming a small deflection of the beam, the curvature of the deformed beam can be calculated
as

κ (x) =

τ (x)
.
EI

(S17)

Given that I = WH 3 / 12 and E = 3µ for incompressible materials and Eq. S13, the curvature can be further expre

κ (x) =

4 MB(L − x)
.
µH 2

(S18)
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From Eq. S18, we can find that the maximum curvature, which occurs at the base of the beam
(x = 0) , scales as

κ max ∝

MBL
.
µH 2

(S19)

From Eq. S16 in Section II of the supplementary information, we can find that the maximum
deflection of the beam, which occurs at the free end of the beam (x = L), scales as

δ max

MBL3
∝
µH 2

(S20)

We can infer from Eq. S20 that there are a number of strategies to achieve effective
actuation that yields a large curvature and/or deflection of an axially magnetized beam. A more
straightforward approach is to increase either the magnetization strength M or the actuation field
B. The magnetization strength M can be increased by either increasing the volume fraction of
ferromagnetic microparticles or by increasing the applied field strength during the printing
process. Another strategy is to increase the length-to-hieght ratio L / H by printing more slender
fibers when constructing a shape-morphing structure. The last strategy is to reduce the material’s
shear modulus µ, which can be achieved by reducing the crosslinking density of the elastomer
matrix of the composite ink.
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